Midterm Exam - Function Spaces
B. Math III

15 September, 2023

(i) Duration of the exam is 3 hours.

(ii) The maximum number of points you can score in the exam is 100 (total
= 110).

(iii) You are not allowed to consult any notes or external sources for the
examn.

Name:

Roll Number:

1. (20 points) Show that A C R™ is convex, if and only if A + A = (o + )A holds, for
all a, 8 > 0.

Total for Question 1: 20

2. Fort >0, let
1 —t2(1+2?)

t o 9 .
(a) (10 points) Prove that A(t) + B(t) = § for all £ > 0.
(b) (10 points) Prove that e=** € L'(Rs¢;dz) and I e~ dy = ‘/7%

(N.B.: Carefully justify each step, such as existence of integral, interchange of limits and
integrals, etc.) Total for Question 2: 20



; log 1 € L'([0,1];dz) and

. (20 points) For p > 0, show that

zP
1

Total for Question 3: 20

. (20 points) Let {rq,...,ry,...} be an enumeration of the set of rational numbers in [0, 1]
=0

and let I,, == [r, — 5.7 + 2] N[0, 1]. Let f(z) = 1if x € I,, for some n, and let f(z)

otherwise. Show that f is an upper function whereas —f is not an upper function.

Total for Question 4: 20

. (20 points) Prove that the function,

1

1+ a22sin’ 2’
is not Lebesgue-integrable on [1, 00). Total for Question 5: 20

. (10 points) Show that log =~ € L*([0,1];dz) and with justification, compute the fol-

lowing integral:
1
1
/ log dx.
0 1—x

Total for Question 6: 10
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